Stationary solutions of the Fisher-KPP equation with general nonlinear diffusion and arbitrary reactional kinetic orders terms are characterized. Such stationary (separatrix-like) solutions disjoint the blow-up solutions from those showing extinction. In addition a criterion for general parameter values is presented, which allows determining the blow-up or vanishing character of the solutions.
Introduction
The following reaction-diffusion equation is to be considered in what follows:
with α, β, κ, m > 0 and p, q ∈ R. After the change of variables x → ax, t → bt, u → lu, where a = (κl m−p /α) 1/2 , b = (l 1−p /α), and l = (β/α) 1/(p−q) , equation (1) becomes:
Equation (2) has been analyzed in detail in the literature. For instance, equation (2) with m = 1, p = 1, and q = 2 was proposed by Fisher [1] and Kolmogorov et al. [2] . In addition, for the more general situation p ≤ q, m > 0 and m + p > 0 the reader is referred to [3] - [6] . The complementary case p > q will be of interest in this work and has been previously considered by several authors, specially in the search of travelling waves and related applications [4] , [6] - [9] . It is worth emphasizing in this context that the consideration of general reaction exponents p and q such as those used in (2) is of central interest in the framework of applied modelling (for instance, see [10, 11] and references therein for some classical applications). The same equation (either for p ≤ q or p > q) is also relevant from the applied perspective for the modelling of growth and diffusion processes (see [12] for a classical presentation, as well as [13] - [15] for specific developments including the case p > q).
Another two particular cases considered for equation (1) correspond to either β = 0 or α = 0. In such situations we have, respectively, a reaction-diffusion equation
or an absorption-diffusion equation:
There exist a numerous literature dealing with the previous two equations (3) and (4) and their physical implications, for example see [16] - [21] . Some of the most significant features of these equations are behaviors such as blow-up for (3) if p > 1 (in which the solution tends to infinity in a finite time, for instance see [17, 18, 21, 22] ) and the extinction for (4) provided q < 1 (in which the solution tends to zero in finite time, e.g. see [23] - [25] ). The main result of the present work is that the previous solutions do not exhaust all the possibilities for that situation. To be precise, in what follows we shall consider the following Cauchy problem:
The initial condition u 0 (x) ∈ L 1 ∩ C (integrable and continuous functions). For instance, if u(x) represents a chemical concentration (number of molecules per unit lenght) then the condition ∞ −∞ u 0 (x) dx < ∞ accounts for the (finite) initial number of molecules. Regarding the reactional structure associated with the previous system (as described by the purely reactional o.d.e. u t = αu p − βu q ) it is worth recalling that it can be easily determined from simple reactional schemes according to the standard stoichiometric procedures [26] for both cases p > q and p < q. Recall also that there is no restriction in the values of p and q for the growth with diffusion phenomena, as displayed in [13] - [15] .
Before going into the main contributions of the work, some previous results and terminology are required: Definition 1.
1. We call u a subsolution of (2) if it satisfies
2. We call u a supersolution of (2) if it satisfies (6) with opposite inequalities.
The following result, which is classical for this type of equations [16, 17, 27, 28] , shall be employed along the present work: Proposition 1. Let u 1 (x, t), u 2 (x, t) be two sub (correspondingly, super) solutions for every 0 < t < T , then:
In order to fix the terminology, the following definition is also necessary: Definition 2. Let T be the maximal time of existence of solution u(x, t). If T < ∞ and lim The main results can now be developed. The structure of this work is the following. In Section 2, the stationary solutions of (5) are characterized. Section 3 is devoted to show that for p ≥ m > q, p ≥ 1, q ≤ 1, there exists an stationary solution (separatrix-like solution) which disjoints the increasing solutions (presenting blow-up if p > 1, and growth if p = 1) from the decreasing ones (showing extinction if q < 1, and vanishing at infinity if q = 1). In Section 4, for the more general case p > q > 0, p > 1, m > 0, we shall prove that there exist initial conditions for which the solution blows-up as well as initial conditions for which the solution presents extinction. The work is concluded in Section 5 with some examples, including the construction of a new explicit solution.
Stationary solutions
The following result constitutes the basis of the results to be developed in the next section: Proposition 2. The stationary solutions of equation (2) in the case m + q > 0 are given by:
where 2 F 1 is the hypergeometric function,
, and
Proof.
Let us recall that according to Sánchez-Valdés and Hernández-Bermejo [6] , for m + q > 0 there exists a stationary solution u(x, t) = f (x) of problem (2), and such solution verifies the differential equation:
Now making use of the transformation g = m+q m+p f p−q we arrive at:
where k 1 and k 2 have the expressions given in the statement of the proposition. If we now integrate equation (9) we obtain the solution as the implicit closed-form (7). ✷ Remark. From equation (9) it can be seen that:
• g = 1 is a maximum of g(x), and it corresponds to f = (
• Note that if g s (x) is a solution of (9), then all the solutions of (9) are translations of g s in x, namely they are of the form g s (x + k) for every k ∈ R.
• If m ≤ q then solution g(x), and therefore also f (x), are strictly positive.
• If m > q then solution g(x), and therefore also f (x), have compact support, namely they are strictly positive in a bounded interval, and they vanish in the complementary of such bounded interval.
• k 2 = 1 (m = q) is a limit case separating the compact support solutions from those that tend to zero in infinity. In addition, in the case in which compact support exists, k 2 < 1, the size of the support can be computed as:
where B(a, b) is the Beta function.
• For the properties of the hypergeometric and beta functions, the reader is referred to [29, 30] .
• For some values of k 2 explicit-form solutions can be found. In the following examples the solution is centered without loss of generality at the point x = 0:
The stationary solution as a separatrix
In what follows, the stationary solutions considered in Section 2 are characterized and employed in order to develop a criterion for the behavior of the solutions of (5):
And let E(x) be a stationary solution verifying (8) . We then have:
blows-up in finite time for p > 1 and u(x, t) presents growth if p = 1.
2. If u 0 (x) < E(x) then u(x, t) presents extinction in finite time for q < 1, and u(x, t) vanishes in infinite time for q = 1.
Proof.
In order to prove the first statement of the Theorem, let us first show that G(x, t) = (T − at) −α E(x), is a subsolution of (2) provided p > 1 and T < 1. Therefore, the following inequality must be proved:
In the points in which E = 0, equation (10) is identically verified. Thus the proof is continued for the points in which it is E > 0 (the support of E). Taking into account that E is a stationary solution of (2) as described in Section 2, namely (E m−1 E ′ ) ′ = E q − E p , we have that:
} for the case p > m, since (T − at) < T it suffices to prove that:
Since F (E) > 0 and F (E) → ∞ when E → 0 and E → ∞, then F (E) reaches a minimum for every fixed t. Let us show that such minimum value has a lower bound by a C > 0 for every t.
For q < 1 we have that
and thus F ′ (E) = 0 if
. In addition, if q = 1 we choose α = (m − 1) −1 , and the minimum of F (E) is achieved when E = 0 and F (0) = 1. Consequently, taking a sufficiently small a inequality (10) is proved. For the case p = m we should take k = 1 − T α(m−q) , with α = 1/(m − 1) and the proof is direct after taking a sufficiently small a.
Now if we set T = (max x∈S {E(x)/u 0 (x)}) 1/α , where S = {x : E(x) > 0}, then we have that E(x) ≤ T −α E(x) ≤ u 0 (x), and according to Proposition 1 this implies G(x) ≤ u(x, t). Taking into account that G(x) blows-up, then so does u(x, t).
Additionally, if p = 1 then we set G(x, t) = (T + at) α E(x) with T > 1, and proceeding in a way analogous to that of the p > 1 case, the outcome is:
where
As it is simple to verify, the previous inequality holds for sufficiently small a.
The proof of the second part is similar. In this case we choose H(x, t) = (T − at) α E(x) for q < 1, again with T < 1. The only difference between H and G is to replace α by −α. Consequently, we must show that:
As a result, we find that:
What remains is entirely similar to the previous case (less involved, actually) since we can work only with the first summand of the previous inequality (in the previous paragraph this was also feasible, but would restrict the proof to the case m > 1). For the present situation we choose α = (p − q)(p − m) −1 (1 − q) −1 if p > m while α = 1/(m − 1) if p = m, with T = (max x∈S {u 0 (x)/E(x)}) 1/α where S = {x : u 0 (x) > 0}. In addition, for q = 1 we take H(x, t) = (T + at) −α E(x), T > 1, α = (m − 1) −1 and the rest of the proof is similar to the one in the first part for the case q = 1. ✷
A criterion for the general case
The following result involving blow-up and extinction is more general than Theorem 1 in the sense that no parameter restrictions are imposed in the framework of problem (5).
Theorem 2. Let u(x, t) be a solution of problem (5) with p > q > 0, p > 1, m > 0. We then have:
1. There exist initial conditions u 0 (x) ∈ C ∩ L 1 such that u(x, t) presents blow-up.
2. If u 0 (x) ∈ C ∩ L 1 and ||u 0 (x)|| ∞ ≤ 1, then u(x, t) presents either extinction or vanishing in an infinite time.
Proof.
Item 2 can be shown by directly checking that if ||u 0 (x)|| ∞ ≤ 1, then the solution of the problem containing only the diffusion term (porous media equation) is a supersolution of problem (2) . As it is well-known (for instance, see [31] ) the solutions of the porous media problem satisfy that: lim t→∞ ||u(x, t)|| ∞ = 0.
In order to prove item 1, let us show that:
where (x) + = {x if x > 0; and 0 if x ≤ 0}, ξ = x(T − t) −β , α = 1/(p − 1) and β = α(p − m)/2 is a subsolution of (2). Showing (11) implies that every solution for which the initial condition
+ leads to blow-up (in finite time). After substitution of (11) in (2) we obtain:
Now let I i , i = 1, . . . , 6 be the 6 terms in the previous inequality, in their respective orders. Then such inequality can be rewritten in the form:
In order to prove the previous inequality we shall show that:
Note that with the choice b > 1/m all the I i are positive, excepting I 2 which depends on the sign of β. We then have:
• Regarding (12), let us first see the values of ξ for which I 3 /4 ≥ I 1 . We want to prove that
which implies: 
Choosing a 2 = A m−1−(p−1)/2 , and thus B = A (p−1)/2 , we can now select a sufficiently large A such that C 2 > C 1 , and this proves inequality (12).
• For (13), following a similar analysis to the one in (i) we shall first work with I 3 /4 ≥ I 4 . Symplifying we obtain:
Note that 2/(mb + 1) < 1. Let us now see when I 5 /4 ≥ I 4 :
Therefore, if we choose a sufficiently large A, then C 4 > C 3 and (13) • For (14), we begin with I 5 /4 ≥ I 6 , from which we find
Consequently the last relationship will be fulfilled provided
Following a similar analysis to the one used with I 3 /4 ≥ I 6 , we have:
Since (1 − (ξ/a) 2 ) + < 1 and assuming b(q − m) + 2 > 0, for the verification of the previous inequality it is sufficient that
The previous condition is verified if
, so that taking a sufficiently large A we have that C 5 > C 6 and this shows (14) .
• Regarding (15), if b < 1/(m − 1) and A is sufficiently large, this inequality always holds.
To conclude, let κ = max{m − q, m − 1, 0}. Then note that if 1/m < b < 1/κ (in particular, 1/m < b if κ = 0) then the conditions imposed to b in the proof shall be met.
The proof of Theorem 2 is now complete. ✷
As a direct consequence of the results presented, it is worth noting that there exist initial conditions u 0 (x) leading to three different types of asymptotic behaviors: (i) blow-up solutions; (ii) vanishing solutions; and (iii) solutions for which lim t→∞ ||u(x, t)|| ∞ = k = 0.
Examples

Example 1: Previously known solution family as a particular case
A particular case of the results displayed in Section 3 was considered by Samarskii and Galaktionov [17] . In their analysis, the case m = p > 1, q = 1 is considered and explicit solutions of equation (2) are found by means of the separation of variables technique, leading to solutions of the form u 1 (x, t) = φ(t)θ(x) where φ(t) = e , and
. Depending on the sign of C 0 it can be seen that different behaviors can be found for u 1 : it is stationary if C 0 = 0; it vanishes when t → ∞ if C 0 > 0; and it blows-up when C 0 < 0. Now this result can be regarded as a particular case of Theorem 1.
Example 2: Further application of the separation of variables method
In a way similar to the one in the previous example, an additional family of explicit solutions can be found by means of the separation of variables method, namely u 2 (x, t) = φ(t)θ(x) for q = m, p = 1. After substitution of the expression for u 2 in (2) we arrive at:
For convenience let us set λ = −1. Then it is not difficult to evaluate φ(t) in order to find:
In order to evaluate θ(x) it is only necessary to recall that it verifies the stationary equation of (2) for q = m, p = 1. Such equation has an explicit solution which was constructed in Section 2, leading to:
, where k 1 = (1 − m)/ √ m. It can be seen that if C < 0 then φ(t) → ∞ for t → ∞; in second term, if C > 0 then we have φ(t) → 0 when t → T = (m − 1) −1 log(C); and finally it is stationary if C = 0.
Example 3: A numerical illustration
For the sake of illustration, we shall now present a purely numerical example in which the solution u either blows-up (Figure 1 ) or vanishes (Figure 2 ) depending on the initial condition to be greater (in the case of blow-up) or smaller (in the case of vanishing) than the stationary solution. To see this, we shall take m = p because the stationary solution is explicit in this case, and for a better display we set the values m = p = 2 and q = 0.9. As initial conditions we have chosen twice the stationary solution (blow-up case) and half the stationary solution (vanishing case), where such stationary solution corresponds to instance (b) constructed in Section 2. The behaviors predicted by Theorem 1 are clearly visible in this case. In the Introduction we have seen that equation (1) describes a wide variety of non-linear problems in different physical domains such as reaction-diffusion or growth dynamics. As it has been mentioned, the previous literature shows that this has been the case for both complementary possibilities q > p and p > q.
In this work, new results have been developed which are analogous in this context to the wellknown existence of separatrices in the case of dynamical systems of the ODE type, a classical subject having clear consequences involving the properties and behavior of the solutions, including fundamental aspects such as stability, boundedness, etc. In our PDE case (1), the parallelism is clear as far as the separatrix-like solution disjoints either blow-up (thus representing an unstable dynamical regime) or growth solutions (relevant in many applications, as seen in Section 1) from those solutions showing extinction (recall the classification in Definition 2). Moreover, the developments found sometimes allow a constructive approach, which actually leads to the generalization of previously known solutions and the construction of additional new ones, as illustrated in the Examples section. Consequently, we believe that the previous contributions have a clear interest in the analysis of problem (1) and its physical interpretation. (2) for parameters m = p = 2, q = 0.9 and initial condition half the stationary solution leading to extinction (see Example 3 in Subection 5.3 for details).
